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Mathematical Models of Displacement Measurement
Differential Transformer Sensors with Different Drive
Elements and Magnetic Circuits with a Special Structure
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Abstract: In the article, the analysis of the mathematical models of new differential transformer
sensors with different moving elements and magnetic circuits with a special structure for displacement
measuring, the moving part of which is made in the form of a collective measuring winding, when these
sensors are made in such a way that the value of the magnetic capacitance between long ferromagnetic
rods changes in the form of a hyperbolic function along the magnetic circuit of the excitation winding it
was determined that the inductance does not depend on the coordinates of the driven measuring device
and that the working magnetic currents, the mutual inductances between the excitation and the driven
measuring device, and the output EMF of the sensors change with an absolutely linear law. It is shown
that in new differential transformer sensors in which the excitation element is made in the form of a
screen, the operating magnetic currents are a nonlinear function of the screen coordinate, and the
inductance of the excitation winding depends on the screen coordinate. In differential transformer
sensors, the moving element of which is made in the form of a ferromagnetic core, the distance between
the long ferromagnetic rods is much greater than the total distance between the driven ferromagnetic core
and the rods, and when the distance between the long ferromagnetic rods does not change along the
length of the magnetic circuit, the working magnetic currents, the inductance of the excitation winding
and the mutual it is found that the inductance does not depend on the value of the coordinate of the
excited ferromagnetic core, and the value of the output signal is a linear function of the coordinate of the
ferromagnetic core.

Keywords: differential transformer sensor, differential magnetic circuit, moving element,
winding, screen, ferromagnetic core, magnetic circuit with simple structure; distributed parameter chains;
magnetic force; magnetic resistance; magnetic capacity, longitudinal and transverse currents, magnetic
flux; magnetic tension; linear distribution.

Various models, in particular, differential transformer sensors (DTS), are widely used to
obtain information about device displacements in controlled objects in technological
processes and automatic production control systems [1,2]. A comparative analysis of the
main characteristics of these DTS showed that they have a relatively low sensitivity in the
measurement range and a nonlinear conversion function [3,4]. The use of DTS with these
shortcomings in automatic control systems leads to a decrease in the quality indicators of the
control process.

In order to eliminate the above-mentioned shortcomings, a new design of the DTS measuring
the displacement of the magnetic chain with a special structure was developed at the
Tashkent State Transport University (Fig. 1) [5]. This is the Pogon values of the magnetic
capacities of the air gaps in the middle of the 2nd and 3rd and 3rd and 4th long booms in the
DTS construction, unlike the existing constructions of this type of DTS, hyperbolically
decreases from the middle section of each half of the DMC to its two edges (between the
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corresponding booms the distance increases with a quadratic law) is made in the form of a
gradient. Both sections of the excitation circuit are connected in series and inductively
opposite to each other, both sections of the measuring circuit are connected to each other in
series and inductively opposite.

When the moving element of the DTS is made in the form of a compact winding, measuring
windings 12-14 are not used in the device, when the function of the moving element is an
electromagnetic screen, measuring windings 12 and 13 or 14 can be used, and when the
moving element is made in the form of a ferromagnetic core, measuring windings 12 and 13
are not used. An oscillation countour consisting of a capacitor connected in parallel (or
series) with the excitation winding is supplied from a sinusoidal voltage source and tuned to
resonance.

The advantage of the DTS design described above is that the working air gaps are made with
a certain regularity, firstly, it ensures that the inductance of the excitation winding does not
change even at any value of the coordinate of the driven element (as a result, the resonance
mode is maintained in the primary circuit of the DTS and the sensitivity of the sensor is high
in its entire measurement range), and secondly, the DTS ensures that the static
characterization is linear.
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Picture 1. The magnetic chain has a special structure and the working air gap is variable
along the length of the chain displacement measuring DTD structural scheme: 1-5 — long
ferromagnetic rods; 6-9 — ferromagnetic connectors; 10, 11 — sections of the excitation
winding; 12, 13 — sections of measuring winding; 14 — measuring winding wrapped in
scattered form; 15 — movable element; 16 — capacitor

In this article, we will create mathematical models of DTSs with high sensitivity of the
displacement meter with various moving elements (winding, screen and ferromagnetic core)
and magnetic circuits with a special structure on the example of the proposed DTS (Fig. 1). In
this case, it is most convenient to calculate distributed parameter magnetic circuits with a
moving element, and Professor Zaripov M.F. we use the method "Separation of magnetic
chains into certain parts" developed by [3,6].

It is appropriate to start the coordinate head for the DMC from the middle section of the chain
(Fig. 2).

1. A DTS in which the movable element is made in the form of an assembly. Since this sensor
is symmetrical about the midsection of the DMCH, it is sufficient to carry out calculations for
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one half of it, for example, the left half. The equations based on the Kirchhoff equations for
the elemental dx; part of the upper half of the DMCH are written in the following form.

Q;I.le lel #Cx1' (1) Q;l3x1 = Iix1 Iix1 (2) U;:xl = Zuc(Qule - Qu?)xl)'('?’)

here Z,., [H™"-m™]; Cyex,, [H-m™"] — respectively, the pogon (comparative) values of
long ferromagnetic rods 2,3 magnetic resistances and the magnetic capacity of the working
gap between them per unit length of these rods; Quzx,, Qusx,, [Wh]; Uyy,,[A] — are the
magnetic currents in the corresponding rods and the magnetic voltage between them,
respectively.

The following equation is appropriate for the magnetic circuit under study [7]:
Qule + Qu3x1 = QuM' (4)
where Q,,, — is the maximum value of the magnetic flux in half of the DMCH.

For magnetic fluxes Q,,., Ba Q3x, to be linearly distributed along the coordinate x,, the
condition @,5,,, = 0 and Qu3,, = 0 (5) must be fulfilled [3].

Based on this condition and the fact that C,.,, = const, we solve the differential equations
(1)-(3) together.

In this case, the differential equation (1) and its solution are written as follows:

Q/I;lxl ( g Mcx1) =0, (5) Upx, Cucx, = A1 (6)
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Fig 2. The upper (a) and lower (b) halves of the DMC with a special structure consisting of a
moving element

Deriving the equation (3) constructed for the magnetic circuit under study, putting (1) and (2)
into the result, and taking into account (4) the resulting differential equation, we make the

following expression:
Upx, = Zye A1x3 + Axxy + As. (7

The magnetic fluxes Q,,, and Q,3, found on the basis of (3), (4) and (7) are equal to:
A 1 A 1
Qu2x1 = A1X1 + ﬁ + > QMM’ (8)’ Qu3x1 = —A1X1 - ﬁ + 2 QHM' (9)

The pogon value of the magnetic capacitance of the working air gap by the length of the
magnetic circuit is found as follows:

C A

Hexq - (Z[.LC A1X%+A2x1+A3)

(10)

The integration constants A;, A, and A5 are found on the basis of the following boundary
conditions, which are appropriate for the half of the studied DMCH (Fig. 2, a):
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1 A
Qu3x1=0 = EQ#M; Cucxlzo = Cuco = A_:; Qu3x1=Xm = Qum- (11)

1 _ Qﬂ _ . _ Q/,LM
From this 4, = X, A, =0;4; = T (12)
Putting (12) into (7)-(10), we get the following expressions:
1 X 1 X
Quox, =3 Qu (1 +32), (13) Qusr, =3 Qun (1 -52), (14)
_ Quu(Zyuc Cucoxi+1) __ Cuco
Uix, = £ zucﬂct:):ml , (15) Cucx, = (Zie Cpcor3+1)’ (16)

In order to find the maximum value of the working magnetic current Q,,,, which is generated
due to the MFF source in the magnetic circuit under study, we use the following equation
formulated for a closed circuit:

Xm Xm
E = ZﬂOQﬂM + Zyc fo Quledxl + Zuc fO Qu3x1dx1 + ny1=0: (17)

From (17) we determine the following value of Q,,,,:

0, = 2F; CycoXm _ 2FsCycoXm
KM (2240 CucoXm+3Zpc CucoXm+1) Ay

(18)
If (18) is taken into account, then expressions (13)-(15) are written as follows:

Fs CucoXm Fs CucoXm
Quar, = =2 (1 422), (19) Qusx, = 22 (1-21), (20)

_ Fy(Zuc Cucoxi+1)
Upe, = 82— (20)
Calculations for the lower half of the DMC are carried out in the same sequence as above
(Fig. 2, b). We limit ourselves to the following final expressions of the magnetic fluxes (the
Pogon value of the magnetic voltage and the magnetic capacitance are the same as (15) and

(16)):

Fs CyucoXm Fs CyucoXm
Q,u3x1 = ;;—10( - ;_rzn)’ (22) Qw}xz = i—lo (1 + ;_rzn)’ (23)
Fs(Zye Cucox?+1)
Upe, = == (24)

The inductances of the special structural DTS excitation (primary) circuit sections under
investigation are determined in the form of the following expressions [8]:

We Quax =X We.Quax,=x CucoX
L= 2asom ”le m— L = 2 hmm “Ixz m = 2w? - = const, (25)
S S 1

where w,_, I, is the number of windings of the excitation coil section and the current passing
through it.

The mutual inductance between the sections of the excitation winding and the measuring
winding is determined accordingly as:

CrucoXm Cucoxy
M = Wyngqs Wi 2572 (14 22) - (26) M= wyw, e (1 - 22) - (2)

where wy,.qs. 1S the number of windings of measuring tape.

The self-induction EMF generated in the sections of the DTS excitation coil is found as
follows:

Es = _]wWSQ[lle _]stQwsz =-J Wszls Zio 4Xm. (28)
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Due to the mutual induction between the DTS excitation and the measuring circuits, the
mutual inductance EMF, which is formed in the measuring circuit, is found as follows:

. ; . ; . . . Cucox
Emeas. = _(]meeas.Q;Bxl:x _]meeas.Q/.Lsz:—x) = —JW2WsWieqs s I (29)

The analysis of the mathematical models (20)-(29) created for the DTS, which has a special
structure and distributed parameter DMCH, which is made in the form of a winding with a
moving part, and is designed to measure the displacement, shows that the pogon value of the
magnetic capacitance between its corresponding long ferromagnetic rods along the magnetic
circuit ( 16) due to the change in the form of the function, the inductances of the sections of
the excitation winding in these windings, the self-induction, which creates the working
magnetic currents in the excitation winding connected in series and inductively to each other,
does not depend on the coordinate of the excited element (winding), and their value remains
unchanged in the entire measuring range of the DTS is maintained, the working magnetic
fluxes, the mutual inductance between the excitation winding and the excited measuring
winding, and the output EMF of the DTS change with a completely linear law within the
limits accepted in the calculation of these magnetic circuits. (25) it can be seen from the
expression that the inductance of the sections of the excitation coil does not change its value
even at any value of the coordinate of the excitation winding.

It follows that the resonant condition (L% + LY) - C = const created in the excitation circuit
of the DTS is maintained in the entire measurement range of the sensor, and the sensitivity is
high.

2. DTS, the moving element of which is made in the form of an electromagnetic screen
(Fig. 3). For this DMZ, U, Qu3x,» Quzx, and Cy., are written in the following form:

quz = ZMC Alx% + Azxz + A3, (30)
A Qhw A Qftw
Qu3x2 =Aix; + ZZ;C + %1 (31) Qusz = —A1x; — zz,zw + % (32)
— A1
C[,LCJCZ - (ZHCA1X%+A2.X2+A3)’ (33)

where Q[}M is the maximum value of the magnetic flux generated by F; MFF in the upper half
of the DMC.
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Figure 3. The upper (a) and lower (b) halves of a specially structured DMC, the moving
element of which is an electromagnetic screen

The integration constants A;, A, and A; are found based on the following boundary
conditions, which are appropriate for the magnetic circuit under study:

A
Qu3x2=0 =0; Cucxzzo = Cycx = A_:; Qu3x2=Xm+x = Q[}ilM! (34)
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_ Cuco
here Cucx = (Zue Cucox?+1)’
From (34) - A =~ 4y ong o O o
rom( ) 1 = W)’ 2 = ucQ#M’ 3_[Cucx(Xm+x)]' ( )

Putting the values of A;, A, and A; in (35) into (30)-(33), we form the following
expressions:

X2

h
Quar, = s, (36) Quax, = Qi [1 - 52| 3D)

T (X))’

Qb
Ve, = o iy Ze Cuex¥t = Zue Cuex(Xm + )%, +1,(38)

C Cucx (39)

Hexz (Zuc Cucxx% ~Zye CpcxXm+x)x, +1).

To find the maximum value of the working magnetic current Q}}M generated due to the MFF

source in the magnetic circuit under study, we use the following equation created for a closed
circuit:

Xm+
Fe = ZMOQ[:M + Zuc(Xm - x)QZLlM + Zuc fO * Qusz dxz + Uﬂx2=Xm+x- (40)

From (40) we determine the following value of Q,,,,:

Fs Cycx(Xm+x)
Qun =—5"—  (41)
Zyc Cpex(Xm+x)?
here A3= ZyoCpex(Xm + X) + Zye Cuex (Xm* — x7) + =22 + 1.

The corresponding magnitudes and parameters for the lower half of the investigated DMC are
also found in the above sequence. We limit ourselves to quoting their final expressions
below:

QlMx _ 1 _ X1
Q#3x1 = (X:l_;)’ (42) Q,u4x1 - QMM [1 (Xm—x)]’ (43)

U. = Qfim
Hx1 Cucx(Xm—x)

[Zuc Cycxxl2 - Zuc Cucx(Xm - X)X1 + 1]1 (44)

C — Cucx (45) QlllM — Fe Cucx(Xm_x) (46)

HEX1 Zye Cucxx2=Zpe CpexXm—2)x1+17 Ag ’

_ 2
here A3= ZHOCHCX(Xm - x) + ZMC Cﬂcx(sz - xz) + Zue Cuch(Xm X)‘ + 1.

The inductances of the investigated DTS excitation winding sections are determined in the
form of the following expressions, respectively [9]:
L}Sl _ W1Qu2x,=0 _ ZWSZ Cucx(Xm+X), (47) Lls _ W1Quax =0 — ZWSZ CuCX(Xm_x)' (48)

Ig Ay Is A3
The mutual inductance between the excitation and measurement windings is respectively
determined as follows.

Cpcx(Xm+x) (49)

Cpcx(Xm—x)
e Suexm=) (50

l _
M = WsWmeas. A
3

h _
M"® = WsWmeas.

The self-induction EMF generated in the sections of the DTS excitation winding is found as
follows [10]:

. . 5 . d . 7 (Xm+ ) (Xm_ )
Es = _]stQLlM _]wWeQ[liM = —](UWSZIS Cycx [ Azx + A3x ] (51)

Due to the mutual induction between the DTS excitation and the measuring circuits, the
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mutual inductance EMF, which is formed in the measuring circuit, is found as follows:

. . r (Xm+ ) (Xm_ )
Emeas. = _]stWmeas.Is Cucx [ A, = - As = ] (52)

3. DTS, whose moving element is made in the form of a ferromagnetic core (Fig. 4).
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Figure 4. Upper (a) and lower (b) halves of a specially structured DMC with a moving
element consisting of a ferromagnetic core

If the distance &, between two adjacent long ferromagnetic rods is greater than the total
distance between the movable ferromagnetic core placed between these rods and the rods
Ay com., Tor example, 6, > 10A, ..., then, in fast engineering calculations, it will be possible
to ignore the magnetic fluxes connecting to the right and left of the driven ferromagnetic core
through the air gap d, i.e. C,5; = 0 and Cy5, = 0.

In this case, 2, 3 and 4 long ferromagnetic rods in the DMC can be made parallel to each
other. The values of the operating magnetic fluxes in the upper and lower halves of this DMC
are found as follows:

QF = QL = =

Zyy,

Fe
=75  2Xm . 2A
(uuobh "upobh’ uobh)
The inductances of the DTS excitation winding sections under investigation are determined in
the form of the following expressions, respectively:

= const. (53)

h l 2
L= —WSIQ” =L = —WSIQ” == ;’—S = const, (54)
s s uy
The mutual inductance between the excitation windings and the measuring winding is

determined accordingly as:

h = Wszeasl (X x)1 (55) Ml_Wszeasl (X +x) (56)

The self-induction EMF generated in the sections of the DTS excitation coil is found as
follows: E; = —(jowsQp, + jowsQLy) = —jowii;—— = const.  (57)
Zyuy,

Due to the mutual induction between the DTS excitation and the measuring windings, the
mutual inductance EMF, which is formed in the measuring winding, is found as follows [11]:

. _ . “h . 1 . 2x
Emeas. = _]meeas.lQuM +]meeas.lQuM = —JWWsWieas.l ZﬂZ’ (58)

where w041 - 1S the pogon (comparative) value of the number of windings of the measuring
coil per unit of length of the magnetic chain.

The analysis of the equations (53)-(58) created for the special structural DTS, where the
magnetic fluxes connecting through the air gap d to the right and left of the excited
ferromagnetic core are negligible, shows that the values of the inductances of the sections of
the excitation coil and the values of the working magnetic fluxes to the coordinate of the
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excited ferromagnetic core independent, the mutual inductances between the excitation and
measurement coils and the output signal of the DTS are linear functions of the coordinate of
the excited ferromagnetic core.

In DTSs with a special structure, in which the excitation element consists of a ferromagnetic
core and the magnetic fluxes connecting through the air gap d to the right and left of it are
negligible, the inductance of the excitation winding is constant, so the resonance mode
created in the excitation coil of these DTSs is preserved in their entire measurement range,
DTS although the static characteristics of DTSs are ensured to be linear, increasing the air
gap between parallel long ferromagnetic rods in order to drastically reduce the values of the
non-working magnetic currents increases the overall dimensions of this type of DTSs. In
addition, since the mass of the driven ferromagnetic core is greater than the mass of the
driven winding, this DTS has a negative effect on the dynamic properties of the applied
object [12].

Thus, it follows from the above analysis that the inductance of the excitation element does
not depend on the coordinate of the excitation element, the strictly linear distribution of the
working magnetic currents along the length of the magnetic circuit, and the smallness of the
mass of the excitation element are ensured by special structural DTSs, in which the excitation
element is made in the form of a compact measuring winding.
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