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Introduction 

The aim of this study is to evaluate the convergence of the finite element method on the 

example of various test problems and compare the obtained solutions with experimental data. 

For this purpose, an elastic rod of length l with a cross section in the form of a round ring was 

considered. The inner and outer radius of the ring are r1 and r2, respectively. The left end of 

the rod is fixed, while the right end is free (Fig. 1). 

The eigenfrequencies of the bending, longitudinal and torsional eigenfrequencies of the rod 

are sought. 

It is known that for a long rod the elementary solution of the problem, obtained in the 

framework of the hypothesis of flat sections [3], is the following: 

            a) longitudinal vibrations: 

            the equation of motion has the form 

   

   
 

 

  
  
   

   
                                                         (1) 

border conditions 

                   
  

  
                                         (2) 

Natural frequencies are determined by the formula 
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   (k = 1,2,…),                                              (3) 

              where:        √
 

 
  

b) torsional vibrations: equations of motion 
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Natural frequencies are determined by the formula 

  
 (    )  

  
    (k=1,2,…)                                            (6)  

where:         √
   

   
 

for circular bar         

c) bending vibrations: the equation of motion 
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border conditions 

        
  

  
                 

 

  
(   

   

   
)         

   

   
            (8) 

The natural frequency is determined by the formula          
  

  
√
  

  
 , 

where:     – root of the equation                and is equal to 

   
 

 
(    ) , (k=1,2,…)                                           (9) 

Statement and solution of the problem 

To assess the accuracy of the developed program, a three-dimensional problem of natural 

vibrations of a hollow elastic cylinder of finite length with a fixed left and free right end is 

solved (Fig. 2). 

The principle of possible displacements (10), 

    ∫ ∫ ∫ (          ⃗ ̈  ⃗ ) 
  

  

 

 

  

 
           (10) 

and kinematic boundary condition. 

                                                                (11) 

Here r,z,φ are cylindrical coordinates. 

The solution of the problem is sought in the form: 

 ⃗  {        } (12) 

    
 

 
(
   

  
 
   

  
)        

 

 
(
   

  
 
 

 

   

  
) (13) 

                   (14) 

As you know, when n=0 (n is the number of harmonics), the problem is divided into two 

independent ones: the problem of symmetric oscillations (     
 (     )       

  
 (     ),     ) and the problem of rotational oscillations (           

  
 (     )). For n=1, the problem of bending vibrations arises. 
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Within the framework of the one-dimensional theory of the resistance of materials based on 

the hypothesis of flat sections [3], the analogues of the above three problems on the 

longitudinal, torsional and transverse vibrations of a circular beam. For n≥2, the three-

dimensional problem has no one-dimensional analogues. 

The mathematical formulations of the three indicated variants of the three-dimensional 

problem (axisymmetric, torsional and bending) are obtained from (10,12,13,14). 

The posed three-dimensional problem was solved by the finite element method. The area 

occupied by the body was divided into triangles by ring elements (Fig. 3). 

 

 

 

Fig. 1 

 

 

 Fig. 2 
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Fig. 3 

Results conclusions and conclusions 

The results of natural frequencies of the cylinder were compared with the natural frequencies 

of the rod (1-9), calculated using the hypothesis of flat sections [3]. The results of comparing 

the frequencies obtained for different values of the ratio of the length of the cylinder l to its 

outer radius r2 are shown in tables 1-3. 

Natural frequencies for torsional vibrations, determined by the hypothesis of flat sections and 

by the theory of elasticity, are the same regardless of the ratio l / r2 (table 3). 

Comparison of the calculation results in the case of axisymmetric oscillations (Table 1) 

showed that the first natural frequencies coincide quite well for all values of l/r2, and starting 

from the second frequency, for l/r>10, there is a significant difference in frequencies. 

In the case of bending vibrations (table 2), when l/r2>20, there is a good agreement between 

the results and the exact solution of the rod problem. For l/r2<20, the first bending 

eigenfrequencies differ by ∼10%, while the fourth and fifth frequencies differ by a factor of 

10–15 from the increase in the exact solution. These results were obtained with the following 

characteristics of the construction material: E=1.0; v=0.27; p=1.0. 

To confirm the reliability of the results obtained (the developed algorithms and programs), 

using the above algorithm, the problem of axisymmetric natural vibrations of cylinders with 

rigidly clamped ends and free side surfaces was solved: 

a) thin-walled cylinder (   ⁄           ⁄     )                       . Table 1 

 

 

 

 

 

 

 

 

 

No. 

natural 

frequen

cies 

Axisymmetric natural frequencies 

 

l/r2=2,0 l/r2=10,0 l/r2=20,0 l/r2=100,0 
l/r2=200,0 

 

A.H.S    E.T. A.H.S E.T. A.H.S  E.T. A.H.S E.T. A.H.S  E.T. 

ω1 
0,052

360 

0,052

939 

0,010

472 

0,010

512 

0,005

239 

0,005

246 

0,001

047 

0,001

041 

0,000

523 

0,000

523 

ω2 
0,157

086 

0,081

565 

0,031

417 

0,031

768 

0,015

708 

0,015

721 

0,003

141 

0,003

142 

0,001

571 

0,001

571 

ω3 
0,261

829 

0,090

855 

0,052

365 

0,051

474 

0,026

182 

0,026

133 

0,005

236 

0,005

234 

0,002

618 

0,002

618 

ω4 
0,366

601 

0,126

904 

0,073

320 

0,068

465 

0,036

660 

0,036

416 

0,007

331 

0,007

332 

0,003

665 

0,003

665 

ω5 
0,471

413 

0,165

859 

0,094

282 

0,077

358 

0,047

141 

0,046

892 

0,009

426 

0,009

387 

0,004

712 

0,004

710 
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Table 2 

Table 3 

 

Note: A.H.S.– according to the hypothesis of flat sections 

                       E.T. – elasticity theory. 

No. 

natu

ral 

freq

uenc

ies 

Axisymmetric natural frequencies 

l/r2=2,0 l/r2=10,0 l/r2=20,0 l/r2=100,0 l/r2=200,0 

A.H.S    E.T. A.H.S E.T. A.H.S  E.T. A.H.S E.T. A.H.S  E.T. 

ω1 
0,035

216 

0,020

654 

0,001

408 

0,001

367 

0,000

352 

0,000

352 

0,000

014 

0,000

014 

0,0000

035 

0,0000

035 

ω2 
0,220

684 

0,056

288 

0,008

827 

0,007

036 

0,002

206 

0,002

071 

0,000

088 

0,000

088 

0,0000

220 

0,0000

220 

ω3 
0,617

920 

0,078

650 

0,024

716 

0,016

286 

0,006

179 

0,005

346 

0,000

247 

0,000

247 

0,0000

617 

0,0000

617 

ω4 
0,210

887 

0,112

021 

0,048

435 

0,026

439 

0,012

108 

0,009

514 

0,000

484 

0,000

483 

0,0001

210 

0,0001

210 

ω5 
2,001

674 

0,119

440 

0,080

067 

0,047

189 

0,020

016 

0,017

124 

0,000

800 

0,000

800 

0,0002

001 

0,0002

001 

No

. 

nat

ura

l 

fre

qu

en

cie

s 

Torsional natural frequencies 

l/r2=2,0 l/r2=10,0 l/r2=20,0 l/r2=100,0 l/r2=200,0 

A.H.S    E.T. A.H.S E.T. A.H.S  E.T. A.H.S E.T. A.H.S  E.T. 

ω1 
0,032

853 

0,032

941 

0,006

570 

0,006

611 

0,003

285 

0,003

290 

0,000

657 

0,000

653 

0,000

328 

0,000

313 

ω2 
0,098

560 

0,099

212 

0,019

712 

0,019

837 

0,009

856 

0,009

918 

0,001

971 

0,001

982 

0,000

985 

0,000

996 

ω3 
0,164

268 

0,166

519 

0,032

853 

0,033

077 

0,016

426 

0,016

532 

0,003

285 

0,003

305 

0,001

64 

0,001

666 

ω4 
0,229

975 

0,235

49 

0,045

994 

0,046

337 

0,022

997 

0,023

149 

0,004

599 

0,004

638 

0,002

299 

0,002

334 

ω5 
0,295

682 

0,308

458 

0,059

136 

0,059

128 

0,029

568 

0,029

769 

0,005

913 

0,005

908 

0,002

956 

0,003

002 
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The result obtained was compared with the results of work [8], obtained in the framework of 

the Kirchhoff-Love hypothesis (Table No. 4). 

Table 4 
 

natural frequencies ω1 ω2 ω3 ω4 ω5 

Obtained in [8] on the theory of 

shells 
1,027 1,383 2,371 3,951 6,056 

Obtained using the developed 

algorithm 
1,009 1,312 2,312 3,901 6,001 

b) for a cylinder 
 

          b) for a cylinder (               ⁄  ⁄ )                      

         The result obtained was compared with the results of [9] 

Table 5 
 

natural frequencies   
 

   
    

    
    

  

Obtained in [9] 16,801 31,054 43,019 74,281 79,226 

Obtained using 

the developed 

algorithm 

at 120 elements 18,113 34,446 48,178 83,611 90,781 

at 320 elements 17,379 32,306 45,001 77,982 83,583 

at 750 elements 16,998 31,475 43,634 75,451 80,504 
 

Here: ν - Poisson's ratio, E - Young's modulus, μ - shear modulus, ρ - material density, a - 

inner radius, b - outer radius, L - cylinder length. 

To test the developed algorithm and programs, the problem of bending natural vibrations of a 

particular structure was considered - a reinforced concrete ventilation pipe of the Armenian 

NPP 150 m high. 

The obtained periods of bending eigenoscillations were compared with the experimental data 

[3.2]. The comparison results are shown in table 6. 
 

Table 6 

Name of the study 
Periods of natural oscillations 

Т1 Т2 Т3 Т4 Т5 

Experiment [8] 1,63 0,51 0,20 - - 

Algorithm developed by the author 1,598 0,487 0,211 0,131 0,089 
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