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The paper considers the global (as a whole) picture of the trajectories of a two-dimensional
system
dx

E: Xim(x)’ X:(Xi’XZ)’ (1)

Where X."(X),(i=12) - homogeneous continuous functions of degree of homogeneity
m >1, having an isolated O at the beginning

System (1) was considered by H. Forster, G.E. Shilov, N.P. Erugin and others. The
disadvantages of these methods is that they are not applicable to n-dimensional homogeneous
system n > 3. We base the classification of integral manifolds of system (1) on the structure
@ and o - are limit sets of trajectories of a circle centered at the origin, radius unity. This
method can be extended to -dimensional homogeneous system.

Let X;=uix, then system (1) has the form
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Where U (u) = X" (u) —uR(u), R(u) =u, X" (u) +u, X, (u)
On the sphere 5" @ -limit set Q. Trajectory y:

1) Consists of one single point g, which is special, i.e.. Qy =Q or
2) Consists of a single periodic trajectory S*, T.e. Q = St.

In this case, the set Qy will be done ¢ - limit set has the same structure as Qy.

On acircle S" with isolated singular points, only three types of trajectories are possible:
a) Single point gi, b) trajectory y, approaching to singular point g, c) closed trajectories
o coinciding with S".

Consider the sector C(}/), oOpa3oBaHHbIi rays passing through point O and trajectory
points » of a system (2) a). This sector is an integral manifold of system (1) and,

consequently, of systems (1). Plane [ 2 js divided into sets of mutually non-intersecting
integral sectors, on each of which one can study the picture of the trajectories of system (1).

Everywhere we denote by 3 and @ trajectories of systems (2.1.2a) and (2.1.1), respectively.
Obviously, @ =T (7)7,(3)

Where r(]/) - solution of equation (1.7.2b) defined by the formula

r(y)=rexp| R(y)dz,®
%o
Trajectories of system (2.1.1) have the following properties:

1) If the beam C(g) € C(¥) are integral, then by virtue of the uniqueness of the solutions,
but one of the trajectories @ € C(}f) does not intersect this ray.

2) If the trajectory @ € C(¥) intersect each non-integral ray in the same direction and form
the same non-zero angle with it.

Let’s turn to the consideration of the global picture of the trajectories of system (1) on the
integral sectors corresponding to three types of trajectories.

a) Isolated points gi. Let gi - isolated circle points St
Determination. Number R(gi) is called the characteristic number of isolated

points gi.
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If the trajectory j is an isolated point of the system (2a), then the integral sector C(}/)

degenerates into an integral ray 4d, 4 > 0. These integral rays (called exceptional directions

or characteristic directions or invariant rays) determine by means of real solutions of the
algebraic equation.

X %
XI(x) X3(x)
Note that the two-dimensional system (1) does not have an integral ray, and then the

singular point will be a singular point of the focus or center type, which will be discussed
below.

()

b) Trajectories adjoining singular points. On the sphere S! trajectory »» adjoins to only two
distinct singular points.

If 5 will adjoins to two singular points " n g° and thatQ =g*, A =g° (gl * gz).

the sector boundary is a point C(]/) O and integral rays C(gl) a which, being one

dimensional integral manifolds, have a consistent direction along
Ray points C(gi) (i=1,2) cannot belong to limit sets €2 u A,, of any trajectories .
Since at 7/—>g1 and 7 —-+ooand 7/—>g2npn 7 — —oo, then each of the limit sets

consists of a point O or B-U (infinitely distant) points in the direction gl at ¢ — +oo, and in

the direction g° atz —>—oo. Depending on the signs R(gl) and R(gz) on the sector

C ( 7/). System trajectories can be arranged in the following ways (2):

1) Parabolic sector at R(gl)R(gz)>0;
2) Hyperbolic sector at R(g )>O R( 2)

g
3) Elliptical sector at R( )<O R(g2)<0,

B) Periodic trajectory 0=5"

For a two-dimensional homogeneous system. The periodic solution of system (2a) is unique
0 =S" and if V() :J.OzﬁR(H(r))dr =0, then on the basis of Lemma 3 of Section 1.4,
the origin of the system (1) will be a singular point of type center. If

V(H):IozﬁR(H(r))dr¢0, then the origin will be a singular point of the focus type.
Focus will be stable at V(Q) < 0 and unstable at V(@) > 0.

If points a), b) prevent system (2a) from having a periodic solution, then the following
theorem holds:

Theorem. It is essential and sufficient for all numbers to have negative (positive) signs in
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order for the origin of system (1) to be a stable (unstable) generalized node. R(gi )

It is required and sufficient for the origin of system (1) to be a generalized saddle if at least
one pair of numbers R(gi) has different signs.

2) On one-of-a-kind trajectories.
Integral rays C(gi) have the potential to be unique. Formally, these rays can be derived
from (2.1.4) at I, =0, it I+OOR(u)dr:+oo and at I, = o0, ifJT R(u)dz =—o0 and in

these cases we will not call them singular trajectories.

We write in the form to detect peculiar trajectories of system (1) of one of the coordinates of
the point g (ul,uz) eS', aswell as the parameter and solution of equation (2a).

u R(U)dul

=1 Lt ©

Since lim J = lim uol — R(u)du,
U Uy up—uy YU Xl (U)—UlR(U)

special, since it cannot be obtained from (4) for a particular value of the constant I, because

=D finite number, then the trajectory is C(gl),

in here I, =re™ function I of at the points C(gl), of the beam g(ull,ué) where is an
isolated point S.

Therefore, some of the trajectories of the half-lines C(g i) may be special. If equation (5)
has no real solutions, then system (1) C(g i ) has no special trajectories.

It can be shown, as in Section 1.6, that in a sector with boundaries at a point and integral rays
C(g k) and C(g k’l), if J—>bis U —)Ull, then the trajectory passing through an

arbitrary point (xfxg) which is not lying on the integral rays C(gk), C(g“)
intersected by integral beam C(g ") at the point (xll x;)

Here we see that if U, —> ui, J has a finite limit, then the half-line C(g k) will be a special
trajectory and will be passed through the point(xlo, xg) € G(y), limited by integral beams

C(g k) u C(g "‘1), enters a certain point (xll,xé)cC(gk). Thus, several trajectories
of system (1) pass through this point. Note that this trajectory cannot return to the sector

C(}/).

J-u1 R(u)du,

Indeed, from X; = Xilex{ uf xm(u)—u R(U)
1 1

} single-valued functions of the parameter
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U,, therefore, due to property 2, this trajectory intersects with each ray | at one point.

Remark 1. If O the non-isolated singular point of the system (1), then the degree of
single-phase decreases. R(u)zo, then Xm(u):O.

X

Let - =7 =7, is an k- multiple solution of equation (4), then X (X) can be written in
XZ

k
the form X" = (X1 — TOXZ) X{"*(x) and system (1) can be given the form

% :(x1 —roxz)k X ().

k d
Here, introducing a new time, setting (X1 —TOXZ) dt =dt;, we get % = X" (x), where
k>1.
Remark 2. Since the sphere S" is is filled with singular points, then system (1) reduces to

10
the form Z—: = Ex, where E = (O J, for which the singular point O is a node.

Example 1: Consider the system

dx, 3 2 2 3
E =g X Ty X X, +3,X X, + 38X,
(6)

dX2 —a 3 2 2 b 3
E - 21X1 + a12X1 Xz + ao3X1X2 + 03X2
System (2) takes the form

du, 3 2 2 2 R )
E - a30u1 + a21u1 u, + a12u1u2 + ao3u2 —U; (u)
du, 3 2 2 L b uZ R
E - a12u1 + a21u1 u2 + aosuluz + 03u2 - u2 (u)

dr

—=rR(u)

dr

Where r’dt =dz, R(u)=a,u;' +2a,,uu, + 2a,,u.u; + 2a,u,u; +by,u;.

: . 1 .
There are four singular points S"ona sphere (circle).

9174 + ki , T 1 ;e K =i4,% 11p1/1830b03 >0,1=12.
\/1+ ki2 \/1+ ki2 b03
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By virtue of the previous theorems, if R(gl‘z)R(g?"“) >0, then the origin of system (1)
will be a generalized node, and if R(gH) R(g“) >0 - it will be a generalized saddle.

For 8,0, <0 there are no singular points on the circle S' and we set 8y = —Dy,
a,, =y, 8, =0, then system (1.7.6) takes this form

dx, 3 2 3
E = 8yX) 8y X X, +85,X
dx 3 2 3
d_tz =8y X T apX Xy — 83X,

Calculations show that in order for the origin of coordinates of this system to be the center, it
is necessary and sufficient &,, = d,,.Since d;, # d,,, then the origin of coordinates O will

be a focus, and a stable focus at and unstable focus at a,, < d,.

Let's look at a few examples.

Example 2
dx,
—L =ax, +bx
at X, +0X;
dx,
—2=—px +ax,, a=cC. (7)
dt
dt

S has two singular points on a sphere gl’2 (0,0, il) and one periodic solution U; = 0. For
these special points R(g) and V(H) will be equal:
_2ra

ol

Therefore, if ac > 0the singular point of system (7) is a focus (generalized node), if ac <O
saddle focus (generalized saddle).

R(g"*)=c, V(0)

Example 3. %:&Xizmﬂ; i=13 4 #0.
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If all A, are positive (negative), then we will have 26 singular points on the sphere S°,

coordinates of which are:

9*?(0,0,£1), g**(0,£1,0), g*°*(+1,0,0), 9" [O, B,ier/%B],

9,10 4, 1112 A 1314 A
0,-B,%2m/—=B |, + |—=C,0,C |, + |=C,0,—C |,
O R e A iy
1516 41718 ﬁ 19,20 1
g [i\/71D10}1 g [i\/ZD’D’Oj’ i \/K ’ \/K ;i\/z )

A
4
\/Z
21 22 ﬂ’l
JA
%
%

(=]

23 24

\/E - ’ ’ ’
JA T VA JAT VAT VA
f

A

25 26

VA

HereA=1ir£/Z+r£/Z,B: ;,C:
A N4 1+n§/§

2 only four remain. The sphere has ten singular points.

If A, have different signs, then g7_
Obviously, there are no periodic solutions. R(gi )will be equal:

R(6") =4, R(9”*) =4 R(¢*)= 4. R(97*") =

R ( g11,12,13,14 ) _
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It is easy to see that if all 4 >0(4 <0), then the origin of system (8) will be a node, if 4,
have different signs, then the beginning will be a saddle.

Example 4. Consider a triangular system (A.A. Shestakov)

dx1 )

— a1X:L2m+1
dX 2m+1 2m+1
, (9)
dt 2X1
dx, ., . .
——agxf Ly b )2 4 o X2
Auxiliary system (2a) takes the form
du,
u
S~ -R(u)]
%—auzm“+b u;™ —u,R(u) (10)
dt A 272 2 y
d 2m+1 2m+1 2m+1 R
——a“ U™+ cu ™ —uR (u)
WhGI’ER(U): 2m+2+Cu2m+2 (azu +a3u ) 2m+1 (bU +bU ) 2m+1-

This system has the following singular points:
(0,0,£1),(0,£kA, A) (0,-kA,—-A),(vza,ver, 2 ), (—Vzer,~ver,—z¢x),

1 1
Where A= o= ,a,K,V,Z - respectively, the roots of the
J1+Kk? V222 + V2 + 72
equation
bk*™ —bk*" +¢c, =0, a,2°™ —a,z2°" +h, =0,
(azb3 —ab, - %) vt +avi" —c, =0,

System (2.1.10) has no periodic solutions, but R(gi) will be equal to:
R(0,0,£1)=c,, R(0,kA, A)=R(0,—KkA,—A) =b, A*™?k*" (k* +1),
R(vza,va,za) = R(—Vzar, —va,—za ) = 3,z*™" *v*" (2v2 +1).

If here & <0, b, <0, C, <0, then all trajectories of system (1.7.4) are O -curves (positive

node) and if & > 0, b2 >0, C, > 0, then all trajectories of system O™ - curves (negative
node).
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Notes

1. The singular point of the o system (1) is unstable, if Xm(x) has the
property. X™(—x)=X"(x). (9). Under condition (10), the functions U (u) and R(u)
has the property. U(—u):U(u), R(—u):—R(u) (10)

Let the points g(iuo)eSZbe special. Due to property (10), the trajectories @ on
C(g (iu0 )) are defined by the formula

= g(iuo)roexp[iR(uo)(z-—ro)} (12)
a) Since R(u°)>0 and 7 —>400 (or R(u°)<0 and 7 —>—o0), then @—>+w0

however C(g(uo)), a @w—> 0 atthe C(g(—uo));

b) Since R(u°)<0 and 7 —>oo(or R(u°)>0 and 7 —>—00), then w-—>0 at

C(g(uo)), but @ —>+oo at C(g(—uo)).

On the integrated beam G(g): {C(g (uo)) U C(g (_uo ))} trivial solution of O -unstable.

Since system (1) has (at least one) integral ray, hence the singular point O - unstable.

2. Under condition (9), O -we will call it a generalized knot if all trajectories are O - curves.
Under condition (9), the generalized node cannot be positive (negative).

3. Note 1 holds for a homogeneous system of arbitrary dimension with property (9).
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