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Abstract: In the article we study the case of coexistence of exceptional directions of the system.

dx/dt=X"2 (x), x = (x1, x2 , x3),

Here X2(x) — is homogeneous polynomial vector is a function of degree 2, and X_3"2(x) has a
factor x3 .
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In this paper, we consider the behavior of the trajectory of a homogeneous polynomial
differential system of the second degree
dx
- =
Here X? (x) — homogeneous polynomial vector - function of degree 2. Let us study the cases
of coexistence of exceptional directions of the system (1), where X3 (x) has a multiplier xs.

X2(x), X = (X1, X2, X3) (1)

The study will be carried out by the method of work [1].

Introducing into system (1), we introduce the substitution

x=rui(i =1,3) (2)

where u = (ug, Uz, Ug) — unit vector, r — the norm of the vector x, we get

a) j—tu = X?(u) —uR(w)
' 3)

Where R (u) = X?(u) u, dt; = rdt. (3a)

On the basis of [1], singular points of the sphere S2 or system (3a) correspond to the
exceptional directions of system (1), and singular points lying on the equator u? + u3 =1
system (3a) , correspond to the exceptional directions of the integral manifold x3 = 0.

Substituting us = 0 in the system (3a) and then , entering u; = pu, (or u, = puy), we get :

e _ XDk g
der  up[X3(D)-u3RwD)]

Coordinates of special points of the equator u? + u3 = 1 spheres s?
will look like.
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(A=, —,0), (-=,——,0)
[1+43 /1+ug /1+u5 /1+u5
where i — real root of the equation.
X{(w, 1) — pX3 (1, 1) = 0,X3 (1o, 1) # 0 (5)

The nature of these singular points determines the nature of the exceptional directions of the
manifold x3 = 0.

To study the exceptional directions of system (1) not lying on the manifold
x3 = 0 (for which us# 0), in a system (3a) we conduct substitutions

y ==t ,z = =2 then she will look like:
usz us

d
) >=X{(y,z ) -yXi(r,z 1) = qb(y,z)\l

a zZ

37 =X;(y,2 1) - 2X3(y,2,1) =Yy, 2) } (6)

6) =[x,z 1) - uiR(y,21)]

Singular points of system (6) determined from the solutions of the system.

Uz = 0
D(y,z) =0 (7)
Y(y,2) =0

Correspond to the exceptional directions of system (1) that do not lie on the manifold x3 = 0.
The singular points determined from the solution of the system

Xi(y,z,1) =0
X2(y,z,1) =0 (8)
X(y,2,1) =0

Correspond to the singular lines of system (1) (in this case, the singular point 0 is not isolated
and we will not consider it).

System (7) may have four , three, two, one or no solution, therefore, system (1) may have
four, three, two, one or may not have exceptional directed , not lying on the manifold x3 = 0.

1°. Exceptional directions of system (1) corresponding to singular points determined from
system (7) or from equation (5), or corresponding to singular points of the first group of the
sphere S* we will call exceptional directions of type I or type IlI, or the first group,
respectively.

Lemma 1. Exceptional directions of type Il can only be of the first group.

Proof. All points of the equator u? + u3 = 1 of sphere S? are singular points of the first
group, since the equator uz = 0 is the solution.

Lemma 2. Singular points of the equator of the sphere S? u? 4+ u% = 1 can only be nodes,
saddles, or open saddle nodes.

Proof. . Let u = uobe k - multiple real root of equation (5) then, introducing the substitution u
- 10 = p into differential equation (4) , we will have the Brno - Bouquet equation [2]

di  [XP(u,1) — uX3 (u, DI, 17" +
du, Uy [X3 (1o, 1) + -]
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where k = 1,3 , X2(uo, 1) # 0. For it, for even k, the origin of coordinates u; = 0,u =0
there will be an open saddle - a node if k is odd, and a node (saddle) when

(X2 (1, 1) — X3 (1, 112, X3 (1o, 1) > 0 (< 0)

Therefore, the singular points of the equator uf + u% = 1 of sphere S? there will also be only
nodes, saddles or open saddles - nodes.

Lemma 3. System (1) may not have exceptional directed to the manifold x3 = 0 if the
identity holds.

Proof. Indeed, when identity (9) is satisfied, splitting (5) is fulfilled identically and on the
equator

u? + u? = 1 Spheres S? there are no singular points, therefore, there are no exceptional
directions to the manifold x3 of system (1).

Lemma 4. System (3a) at the equator u? + u? = 1 of sphere S? can have six, four, two
singular points (two diametrically opposite), if D <0, D = 0, D > 0 respectively, here

2 2
— b110—az00 2 . b119—azo0 y, bo20—a110 ap20 12 b110—azo00
D = [tog(z ) — S ()Rt y — 2 g [ [ (P )
200 200 200 200 200
3(bo20—a110) ]3

b200

where a;;, bj, - coefficients of homogeneous polynomials X2 (x), X5 (x) accordingly.

Proof. It follows from the fact that equation (5) is presented in the form

baoou® + (b110 — az00)* + (bago — @110 — Agz0 = 0

Last at D <0 have 3 at D = 0 two (with one double), and at D > 0 one real solution: therefore,
system (3a) in the case D < 0 have 6, when D = 0 four and in case D > 0 two (diametral
opposite) singular points.

Lemma 5. If sglstem (3a) has six (two diametrically opposite) singular points on the equator
of the sphere S*, then all six cannot be of the saddle type.

Proof. Similar to the proof of Lemma 2 in [3].

Lemma 6. If (9) identity holds, then system (1) cannot have four exceptional directions of
type I .
Proof. When identity (9) is fulfilled, system (7) can be written as:

D(y,z) =ap+ a1y + az +yf1(y, Z)}

Y(y,2z) = by + b1y + bz + 2f,(y, 2)
As we know [4], such a system cannot have four solutions; therefore, system (1) when
identity (9) is satisfied does not have four exceptional directions of type I.

2°. Let system (1) have four exceptional directions of type I, then it can be reduced to the
form with the help of an unexpressed affine transformation.

dx 2 l—-a 1-p , \
E = (1 + al)Xl + (T + c+ bl)xle + C1X2 + (Cl - 1)X1X3 — CXyX3
dx 1-a 1-
2 = kX~ + (@ = bOX? - (- ez + (04 L ek @ )xl
d.Xg 2
Tl a1x1x3 + bixy;x3 + 1 X35 )
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System (6a) then takes the form of an equation.

dz y(y—1)+az(z—1)+<1ga+1;’3a>yz

dy y(y—1)+cz(z—1)+(1Ea+1;ﬁc>yz

Each singular point of which corresponds to the upper parts of the exceptional directions of
type | of system (1). The hemisphere S? has the following singular points

A(0,0,1), BO, 1, ), C(L, 0, 7 ), E(cs B,

;) Fi( Ki 1 0)
T ) i T

wherei =1,3.
Lemma 7
a)IfD<0,1-0-$>0,0a>0,>0(orl —a—PB <0,

a- B < 0), then on the hemisphere S? two of the singular points A, B, C, E will be anti
saddles , the other two are saddles , and two of the singular points F; will be nodes ;

b) f D>0,1-a->0a>0<0(r 1- a—f<0,a-p<0), then on the
hemisphere S2 two of the singular points A, B, C, E will be antisaddles , and of the singular
points of F; two merge, and the double singular point

F, = F, will be open, F3 — node;

c)IfD>0,1-a-B>0,00>0,3>0(or 1l —a— <0, a-B <0), then two of the singular
points F; disappear, one will be a node.

Proof. On the S? the sum of the singular point indices is equal to 2, and on the hemisphere it
is equal to 1 [5]. Considering also thatif 1l —a— B8 >0,a >0, >00rl-a—<0,a-
B < 0, then of the four singular points A, B, C, E will be anti saddles, and the other two
saddles, with D < 0 we have a case

a) at D = 0 happening

b) at D > 0 case,

c) distribution of singular points of the semi-equator of the sphere S
Lemma8.a)lfl-a—-—<0,a>0,>0,k(a—c)<0or
l-a—p>0,a<0,<0,k(a—c)>00rl-a—p>0,

a-f <0)k@a-c)<0,D>0.

b) Under condition a) on the hemisphere S® of the four singular points A, B, C, E, three
saddles and an anti saddle, on the semi-equator u? + u3 = 1 — three knots.

The number of exceptional directions of the system (1) corresponding to singular points such
as anti-saddle , saddle, opening saddle - node of the sphere S will be denoted by N(a) , N(c)
and N(cy) .

The lemmas that have been proved imply:

Theorem 1. a)If1-a—-B>0,a>0,>0(or1 —a—-pB <0,
a-fB <0)D<0,then N(a) =4, N(c) = 3.

b) D=0, 0 N(a) =3, N(c) =2, N(cy) =1
c)D>0,r1oN(a)=3,N(c)=2
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Theorem2.a)If1-a—pB>0,a-B<0(1-a-p>0,a<0,B<0)
D =0, we have N(a) =3, N(c) =2, N(cy) =1

6) D >0, in this situation will be N(a) = 3, N(c) = 2.

Theorem 3. If1-a—-p<0,a>0,>00rl-0-p<0,a<0,
B<Oorl-a—p>0,a-p<0,wewill have N(a) =4, N(c) = 3.
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